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ABSTRACT The amorphous regions between two crystalline lamellae for chains containing approximately 
6 and 11 short branches per 1000 bonds have been simulated on a square lattice with all sites occupied. The 
probability for the formation of a tie is not a monotonic function of branch content when the branches occupy 
two lattice sites. Tight folds increase and adjacent reentry (other than tight folds) decreases upon the 
incorporation of branches. Branches that occupy two lattice sites are not distributed randomly throughout 
the amorphous region; they tend to segregate near the crystal-amorphous boundary. The importance of the 
crystal-amorphous interface in affecting the conformations of chains in the amorphous regions is more apparent 
in the presence of branches that occupy two lattice sites than in the presence of shorter branches. 

Introduction 
The importance of copolymers of ethylene with a small 

amount of a 1-alkene, which are known by the common 
name linear low-density polyethylene, is well established. 
Great interest in these copolymers is due to the range of 
properties achievable by the selection of the type and 
amount of 1-alkene used as the comonomer in the polym- 
erization. The short branches present are of uniform 
structure because they arise from the 1-alkene comonomer. 
In contrast, the material obtained upon the free radical 
initiated polymerization of ethylene at high pressure 
contains both short and long branches, with the short 
branches being of nonuniform The copolymers 
have greater tensile strength and tear strength than the 
conventional high- or low-pressure polyethylenes. Their 
properties cannot be obtained with blends of conventional 
high- and low-pressure p~lye thylene .~ ,~  

Methyl branches can be accommodated in the crystalline 
regions of p~lyethylene.~-l~ However, studieslOJ1 of hy- 
drogenated polybutadiene and several ethylene-1-alkene 
copolymers show that close packing of the chain segments 
in the crystallites requires exclusion from the crystalline 
regions of short branches larger than methyl. A rational 
explanation of the dependence of the properties on the 
type and amount of branch content therefore requires 
characterization of the conformational properties of chain 
segments that lie in the amorphous regions between 
crystalline lamellae. 

The problem can be attacked by two methods that differ 
in their attention to intramolecular and intermolecular 
interactions. The simpler method involves the combina- 
tion of the characteristic ratio for the branched chains with 
the analytical models based on the Gambler’s ruin prob- 
lem.12-14 The characteristic ratio is defined as ( r2)o/n12, 
where ( r 2 ) o  denotes the mean-square unperturbed end- 
to-end distance for a chain with n bonds of length 1 in the 
backbone. The short-range intrachain interactions are 
treated in detail, but there is no special treatment of the 
intermolecular interactions in the interfacial region. There 
is also the implication that short branches are uniformly 
distributed throughout the amorphous region. This ap- 
proach predicts that incorporation of short branches is 
accompanied by a decrease in the probability for formation 
of a tie.15 The size of the decrease becomes unrelated to 
the size of the short branch when the branches are larger 
than ethyl. The probability for a tight fold increases with 
an increase in branch size and content. The increase shows 
no sign of a plateau even for short branches as large as 
octyl.’j 
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The last few years have seen great interest in the sim- 
ulation of lattice chains that are packed at bulk densi- 
ties.1621 Such simulations give a less realistic account of 
the actual bond angles, dihedral angles, and short-range 
intramolecular interactions, but they can provide infor- 
mation about conformational effects that arise from in- 
termolecular interactions in the interfacial region. This 
procedure provides the opportunity for study of the in- 
terface and the distribution of the short branches 
throughout the amorphous regions. Here we describe the 
extension of the methods used for unbranched lattice 
chains to the case where some of the chains bear short 
branches. This extension requires the imposition of new 
restrictions on the types of moves allowed for unbranched 
chains and also the development of new types of moves 
for the short branches. These movement rules are then 
applied to the simulation of amorphous branched chains 
packed at bulk density on a square lattice. 

Simulation 
Mansfield developed a method for simulating the be- 

havior of flexible unbranched chains that are packed on 
a three-dimensional lattice so that there are no vacant 
lattice sites.22 The method was used to study the con- 
formational properties of unbranched chains in the 
amorphous region between two crystalline lamellae.23 The 
bond flip described by Mansfield (with some added re- 
strictions) is adequate for rearrangement of the main 
chains in the branched chains of current interest, but it 
cannot handle the short branches in the present system. 
When some of the chains contain short branches of a 
specified type and specified amount, the original procedure 
developed by Mansfield must be modified. These modi- 
fications are described below. 

A. Rearrangement Moves. a. Bond Flip. Figure 1 
shows the schematic representation of bond flip moves that 
are allowed and disallowed on a square lattice. Rear- 
rangement may occur when parallel bonds are found on 
neighboring chains. Figure 1A shows this movement, 
which involves the simultaneous destruction and formation 
of two bonds. Figure 1B shows an example of a bond flip 
that would lead to the formation of a cyclic product. This 
kind of move is disallowed by the requirement that the two 
parallel bonds to be flipped must not belong to the same 
chain. Mansfield’s treatment of unbranched chains ailows 
the rearrangement in Figure 1A and prohibits the rear- 
rangement in Figure 1B. Figure 1C shows that there must 
be an additional restriction on the bond flip if short 
branches of a specified size are present. Conservation of 
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Figure 1. Bond flip moves: (A) allowed move: (B) and ( C )  
disallowed moves. The filled circle denotes the trifunctional 
branch point in ( C ) .  The dashed rectangle contains the beads 
involved in the bond flip. 

the size of the short branches demands that the bond flip 
may not use a bond that belongs to a short branch. 

b. Branch Movements. Branch movement should 
permit free movement of the branches throughout the 
lattice while conserving the number and size of the short 
branches. This process does not imply that branches ac- 
tually move throughout the amorphous region in a real 
sample by the same movement rules. Instead the move- 
ment rules prevent a bias in the lattice model that might 
artificially constrain the branches to certain lattice sites 
or artificially prevent their access to other lattice sites. The 
simplest possible rearrangement involving branches is 
similar to the “end attack” suggested by Mansfield.22 
Figure 2 shows a few examples of this movement for 
branches with nb = 1 and 2, where nb denotes the number 
of lattice sites in a branch. The movement involves de- 
struction of the original junction of the branch with the 
main chain and then formation of a new attachment of the 
branch to a different lattice site. The chosen site may not 
belong to another branch because there would then be a 
change in the number and sizes of the short branches, as 
shown in Figure 2C. The end attack procedure does not 
meet all the criteria required for branch movement. The 
branches cannot freely move throughout the lattice because 
the lattice sites that constitute the branch are stationary. 
The only motion is in the lattice site that defines the 
trifunctional branch point. Even this motion is restricted. 
The trifunctional branch point may visit only four or six 
lattice sites respectively in parts A and B of Figure 2. 

A procedure of simultaneous creation and destruction 
was developed to provide free movement of the branches. 
Figure 3A shows an example of such a movement for a 
branch with nb = 1. A branch occupying site B1 is de- 
stroyed and a branch is created at site B2. In the process, 
bonds 1 and 2 are broken and reformed as bonds 3 and 
4. Both the trifunctional branch point and the branch 
itself have changed their positions in the lattice. The 
branch move depicted in Figure 3A produces pathological 
behavior when there are four or more branches with nb = 
1. It  permits the formation of a cluster of four branches 
in which the branch ends occupy a 2 X 2 section of the 
lattice. However, it does not provide a mechanism for 
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Figure 2. End attack moves involving branches that occupy one 
or two lattice sites. The lattice sites that constitute the branches 
are depicted by X, the site that constitutes the trifunctional branch 
point is denoted by a filled circle, and open circles denote lattice 
sites that are neither branches nor trifunctional branch points. 

Figure 3. Simultaneous creation and destruction of branches 
that occupy (A) one and (B) two lattice sites. 

disruption of this cluster. In practice, useful simulations 
can be performed when a 30 X 30 lattice contains as many 
as 10 branches with nb = 1. The properties of interest 
attain constant values long before there is the irreversible 
formation of a 2 X 2 cluster of branch ends. On the other 
hand, no useful results are obtained on the same lattice 
in the presence of 20 branches with n b  = 1. The irre- 
versible formation of 2 X 2 clusters can be detected before 
there is stabilization of the properties of interest. 

Figure 3B shows an example of the movement used 
when nb = 2. Here the movement is more complicated. 
This figure depicts changes that are performed simulta- 
neously in independent regions of the lattice. The move 
illustrated in the top portion of Figure 3B breaks two 
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bonds, forms two new bonds, and creates a branch. The 
simultaneous move illustrated in the bottom portion breaks 
two bonds, forms two bonds, and destroys a branch. There 
is no correlation between the vertical/ horizontal orienta- 
tion of the new and old branches because the coupled 
moves take place in independent regions of the lattice. 

B. Algorithm. Initially all chains and branches are laid 
out in a regular array on the lattice, making sure that there 
are no vacant lattice sites. At the beginning of a move 
cycle, one of the beads in the lattice is randomly selected. 
If the bead selected is on a branch, then end attack (e.g., 
A or B of Figure 2) is attempted. If the bead does not 
belong to a branch, then another bead is selected from the 
four coordinating beads. The bonds connected to the 
beads are located and a bond flip (e.g., Figure 1A) is at- 
tempted. In the next step a branch is selected at random 
and simultaneous creation and destruction of a branch is 
attempted (e.g., A or B of Figure 3). The algorithm then 
returns to the beginning of the move cycle until the desired 
number of moves has been attempted. 

Periodic boundary conditions are used in the directions 
perpendicular to the normal to the crystal-amorphous 
boundary. Initially the system is taken through several 
rearrangement moves and the various quantities of interest 
are obtained. Now the rearranged system is again taken 
through several sets of such rearrangements. After each 
set, the parameters of interest are evaluated and the av- 
eraging is done over a number of such sets until the values 
stabilize. 

C. Choice of Lattice Size and Parameters of In- 
terest. Two factors must be considered in choosing an 
optimum lattice size in terms of the separation between 
the two layers which form the crystal-amorphous bound- 
ary. The first one is the possibility of identifying an in- 
terfacial region and the second one is the computer time 
required for simulation. An isotropic region distinct from 
the interfacial region will not be detected if the lattice is 
too small. On the other hand, the upper limit for the size 
will be governed by the computer time required for sim- 
ulation. A square lattice of size 30 X 30, containing 900 
beads and 30 chains, was found to be optimum from this 
point of view. Simulations were performed with nb = 0, 
1, and 2, with the number of branches being 10 when nb 
= 1 and 5 or 10 when nb = 2. This combination provides 
a system without branches as a reference point. Branches 
of two sizes are also used. The simulations performed 
permit comparison of results when nb = 1 and 2 and (a) 
the number of branches is 10 or (b) the number of lattice 
sites in branches is 10. 

The parameters of interest in this study are the proba- 
bilities of ties (obtained in terms of fraction of chains that 
are ties), loops, tight folds, and adjacent reentry. These 
conformations are shown in Figure 4, which depicts the 
schematic representation of the lattice. Branch distribu- 
tion, in terms of the fraction of sites in each layer which 
are trifunctional branch points and branch ends, was also 
evaluated. Each layer was also studied for the various 
possible types of bond connections shown in Figure 5 and 
fraction of beads belonging to tie chains. All allowed lattice 
configurations are of the same energy. There is no intra- 
molecular short-range discrimination between the bond 
connections depicted in Figure 5. We therefore ignore the 
discrimination between t and g placements, and between 
g+g+ and g+g- pairs, that is present in p~lyethylene.~~ This 
intentional neglect of the energetics of short-range inter- 
actions can be justified because the major interest is in the 
comparison of simulations without short branches and with 
short branches of different types when all simulations 
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Figure 4. Schematic representation of the lattice: (A) tie; (B) 
tight fold; (C) loop; (D) adjacent reentry. 
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Figure 5. Various types of consecutive bonds: normal, where 
two successive bonds are normal to the crystal-amorphous 
boundary; bend, two successive bonds are perpendicular to each 
other; parallel, two successive bonds are parallel to the crystal- 
amorphous boundary. 

employ the same energetics. 
D. Computational Details. Each lattice site (bead) 

was identified by an IDTAG which was a positive integer 
calculated from the coordinate of the bead as Lx + y + 
1, where L = 30 for the present case. The layers in the 
lattice were sequentially numbered 1 through 30 as one 
goes from the top layer to the bottom (y = 0 to y = 29). 
Thus layer number 1 started with bead with IDTAG = 1 
and the layer number 30 ended with bead with IDTAG = 
900. The axis system chosen is shown in Figure 4. All the 
IDTAGs for the lattice were stored in a two-dimensional 
array KAR (I,$ with dimensions 30 X 30 for ease of lo- 
cation of any bead in the lattice. The chains were stored 
in another two-dimensional array IC (1,J) of IDTAGs. The 
columns in this array identified the particular chain and 
the rows identified the position of a bead in the particular 
chain. To allow for rearrangements which result in change 
in the number of beads in the chains, empty space (series 
of zeros) was alloted in each column of the array IC (I&. 
The beads at the crystal-amorphous boundaries, i.e., layers 
1 and 30, were separately stored in another array ICR 
containing 60 elements. 

The regions above layer 1 and below layer 30 were as- 
sumed to be crystalline. A chain entering layer 1 or 30 
from the crystalline regions to the amorphous region was 
initially normal to these layers. At layers 1 and 30 the 
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Figure 6. Variation in fraction of chains that are ties as a function 
of the number of sets used in the averaging. There were - lo4 
attempted moves in each set. The curves are identified by two 
numbers that are the values of nb (nbp). 

chain can take a step normal to the layer and form a tie, 
loop, or adjacent reentrant loop. A chain can also take the 
first step parallel to layer 1 and 30 and enter the crystalline 
regions through the adjacent site and form a tight fold. 
These tight folds are the zeroth-order tight folds defined 
by M a n ~ f i e l d . ~ ~  The chains which traverse from one 
boundary layer to the opposite one are the tie chains, while 
those that enter the crystalline region through the same 
boundary layer are loops (other than tight folds). Adjacent 
reentry is defined by chains which are loops that enter the 
crystalline regions through a site which is adjacent to the 
site from which the loop emerges. In Figure 4, chains such 
as A are ties, B are tight folds, C are loops, and D are the 
loops that belong to the category of adjacent reentry. 

For the branched system, the branches are stored in a 
two-dimensional array of IDTAGs IBR (1,J) with dimen- 
sion (nb + 1) X nb where nb denotes the number of 
trifunctional bran& points. +he columns identify the 
particular branch and rows identify the position of a bead 
on the branch. Thus the first row has beads which are 
trifunctional branch points, while the last row contains 
beads which are branch ends. 

All the rearrangement moves are thus accompanied by 
manipulation of the arrays of IC and IBR. After each 
successful move, the arrays are updated. The zero ele- 
ments in IC are replaced by IDTAGs of the beads which 
become part of the chain and the elements corresponding 
to these beads in the other chain are replaced by zeros. 
Counting the nonzero elements in IC gives the number of 
beads in a particular chain. A typical set of 10000 at- 
tempted moves takes 20,45, and 120 min of cpu for nb = 
0, 1, or 2, respectively, on main frame IBM 3090 when 10 
branches are present. For generating the averages of 
various quantities, 50 different sets of varying size were 
used. 
Results and Discussion 

The branches that occupy one or two lattice sites should 
not be equated to methyl and ethyl branches due to the 
artificial restrictions imposed by the lattice on bond angles 
and dihedral angles.2s They do illustrate the types of 
effects that can be expected upon a change in the size of 
the short branches. 

Ties, Loops, and Tight Folds. Figure 6 depicts the 
variation in the fraction of the chains that are ties as a 

Table I 
Fraction of the Chains That Form Ties and Various Types 

of Loops 
nb nbp tie tight fold loop” adjacentb 
0 0 0.034 0.52 0.44 0.23 
1 10 0.032 0.57 0.40 0.21 
2 5 0.025 0.59 0.38 0.17 
2 10 0.041 0.62 0.34 0.14 

aLoops other than tight folds. *Adjacent reentrant loops other 
than tight folds. 

8 15 

L A Y E R  

Figure 7. Variation in the different types of bond connections 
with distance from the crystal-amorphous boundary (layer 
number) for the unbranched system. 

function of the number of sets used in the averaging. I t  
shows that 50 samples are quite adequate as the values 
tend to stabilize. Simulations with nb = 0 and 1 give nearly 
indistinguishable probabilities for ties. However, when nb 
is two, the probability of a tie initially decreases with 
incorporation of a small number of branches and then 
increases upon incorporation of a larger number of 
branches. The probability of a tie is not a monotonic 
function of branch content or branch size. This result is 
different from the one previously obtained from the 
Gambler’s ruin approach,15 where a decrease in the prob- 
ability of ties was observed upon incorporation of branches. 
I t  indicates an important influence of the crystal-amor- 
phous boundary in two dimensions. 

Table I summarizes the occurrence of different types of 
chains in the simulations. For a particular line, the sum 
of the entries in the third, fourth, and fifth columns is one. 
The final column reports the occurrence of those loops that 
achieve adjacent reentry by means other than the forma- 
tion of a tight fold. Ten lattice sites are devoted to 
branches in the simulations for which results are reported 
on the second and third lines. Both simulations have the 
same volume fraction of branches in the amorphous phase. 
Ten lattice sites are devoted to trifunctional branch points 
and to branch ends, in the simulations for which results 
are reported on the second and fourth lines of Table I. 
These two simulations employ the same mole fraction of 
branches in the amorphous phase. Since the fractions 
reported on the second line of Table I are different from 
those on the third and fourth lines, the effectiveness of the 
short branches on the amorphous region is not determined 
exclusively by either the mole fraction or the volume 
fraction. When comparing simulations where nb has the 
values of one and two, it is seen that the larger branch 
produces changes that are greater than those expected on 
the basis of the volume fraction or mole fraction. 

Bond Pairs. Figures 7-9 show the variation of the 
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Figure 9. Same as Figures 7 and 8 for nb = 2 and nbg = 10. 

fraction of different kinds of bond connections, defined 
in Figure 5, as a function of the layer numbers. The values 
have been averaged over pairs of beads in the corre- 
sponding layers equidistant from the two crystal-amor- 
phous boundaries. Thus values a t  layer i correspond to 
the average of the value at layer i and layer 30 - (i - 1). 

A parallel bond pair cannot occur in layer 1 because it 
would force a free end in the zeroth layer. The bend bond 
pairs at lattice sites in layer 1 arise from tight folds. The 
probability for tight folds, and also the probability for bend 
pairs in layer 1, increases from 0.52 in the absence of 
branches to 0.62 in the presence of branches that occupy 
two lattice sites. The remainder of the lattice sites in layer 
1 have normal bond pairs. 

Normal and parallel bond pairs occur with nearly equal 
probability at lattice sites in layer 2. The probability for 
bend bond pairs a t  lattice sites in layer 2 is nearly inde- 
pendent of the presence or absence of branches. The 
tendency of the short branches to increase the probability 
for bend bond pairs does not extend beyond layer 1. 

At layers further from the crystal-amorphous interface 
than layer 2, the most interesting influence of the short 
branches is on the ratio of normal and parallel bond pairs. 
This ratio must be one if the region is isotropic. If the ratio 
is different from one, the region is under the influence of 
the nearby crystalline region and is therefore called an 
interfacial region. In the absence of branches, there is a 
slight suggestion that this ratio may be greater than in 
layer 3 and several following layers, but this tendency is 
no longer apparent at layer 10. On this basis, the inter- 
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Figure 10. Fraction of sites belonging to branch points and 
branch ends when ?zbp = 10: (+) branch point, nb = 1; (V) branch 
point, nb = 2; (0) branch end, n b  = 1; (A) branch end, nb .= 2. 
The dashed line depicts the result that would have been obtained 
if branches were to  occupy all layers with equal probability. 

facial region is quite small when branches are absent and 
all configurations are weighted equally. Mansfield found 
the interfacial region to be very small on a cubic lattice 
when all chain conformations were of equal energy, which 
is in harmony with the result obtained here with the square 
lattice. 

Figure 9 shows that the preference for normal over 
parallel bond pairs persists to much higher layers in the 
presence of 10 branches that occupy two lattice sites. In 
contrast, the same number of branches that occupy a single 
lattice site produces no detectable elevation in the nor- 
mal-to-parallel ratio, as is shown in Figure 8. If the number 
of branches with nb = 2 is reduced to five, the behavior 
of the normal and parallel bond pairs in layers 3-15 is 
nearly indistinguishable from that depicted in Figure 7 .  
Analysis of the Raman internal modes shows that the 
interfacial regions do indeed increase dramatically upon 
the incorporation of short b r a n c h e ~ . ~  

Distribution of Branches. The computation from the 
Gambler's ruin approach15 was based on the assumption 
that the short branches are uniformly distributed 
throughout the amorphous region. However, the results 
from the present simulation indicate otherwise for the 
longer branches in the two-dimensional system. Figure 10 
depicts the variation in fraction of beads that are branch 
points and the fraction of beads that are branch ends as 
a function of layer number. Branches with nb = 2 segregate 
near the crystal-amorphous boundary, while the shorter 
branches show less segregation. Segregation near the 
crystal-amorphous boundary of the branches with n b  = 
2 is also seen when n b p  is five. No segregation of the longer 
branches was observed within a layer, implying that the 
branches are randomly distributed within the layer near 
the crystal-amorphous boundary. Segregation of branch 
points and branch ends for the longer branches at the same 
layer indicates that these branches prefer an alignment 
parallel to the crystal-amorphous boundary. The calcu- 
lated fraction for such branches was found to be -0.80, 
while -0.15 are oriented perpendicular to the boundary 
and the remaining 0.05 form a bend. For the case of the 
shorter branches -0.45 are parallel and -0.55 are per- 
pendicular to the boundary, indicating a relatively random 
distribution of orientations. 

The segregation near the crystal-amorphous boundary 
of branches that occupy two lattice sites implies that a 
greater number of arrangements is accessible to the chains 
in this lattice when the branches are near the boundary 
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neighbor is in layer 1, in which case the factor is 2/3.  The 
ratio of these factors is 4 / 3  and accounts for the presence 
of a larger product of possible bond pairs in Figure 11A 
than in Figure 11B. 

A similar analysis of a lattice with a single branch with 
nb = 2 that is parallel to the interface and located in layer 
2 or 3 yields products of possible bond pairs of P/ 1296 and 
P/2304, respectively. The ratio is (4/3)2 when nb = 2, 
because of the existence of an additional bead of the type 
denoted by the arrow. 

Consideration of the product of possible bond pairs leads 
to the expectation that short branches might be found 
more frequently in layer 2 than in layer 3, and the dis- 
crimination between layers might become more severe as 
the branch becomes larger. In a rudimentary fashion, the 
segregation of branches with nb = 2, depicted in Figure 10, 
thereby receives a rationalization. Presumably it is the 
correlation between the beads that causes the ratio of these 
branches in layers 2 and 3 to be larger than (4/3)2. 

It is certainly worthwhile to inquire whether the segre- 
gation of branches near the boundary occurs only in two 
dimensions, or whether it might also be present in three 
dimensions. The best answer must await the results of the 
simulation on a cubic lattice. In the interim, one can easily 
extend the calculation performed above from a square 
lattice to a cubic lattice. For a branch with nb = 2, the ratio 
of (4/3)2 that was obtained with the square lattice becomes 
(6/6)2 on the cubic lattice. This result suggests segregation 
of short branches near the interface may also be present 
on the cubic lattice, although it may be different in degree. 
The added dimension will also allow entangled l 0 0 p ~ , ~ ~ 1 ~ ~  
which cannot occur on the square lattice. 

Conclusions 
Two-dimensional simulation results indicate that the 

presence of the crystal-amorphous boundary has a sig- 
nificant effect on the conformational behavior of the lightly 
branched chains in the amorphous region between two 
crystalline lamellae. The effect of the short branches is 
not controlled by either their mole fraction or volume 
fraction. Segregation near the crystal-amorphous 
boundary is observed for branches that occupy two lattice 
sites. A qualitative argument suggests that segregation 
may persist in three dimensions. The segregation implies 
that a greater number of conformations are accessible to 
the chains on the lattice when the branches are preferen- 
tially present near the crystal-amorphous boundary. Both 
the present work and the Gambler's ruin approach15 pre- 
dict an increase in tight folds upon incorporation of short 
branches. 
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as compared to the case when they are randomly distrib- 
uted. The significant decrease in adjacent reentrant loose 
loops is related to the segregation of ethyl branches (which 
are parallel to the crystal-amorphous boundary) near the 
boundary as fewer sites are available for a loop to come 
back and enter the crystalline region through an adjacent 
site. However, the fraction of tight folds is expected to 
increase because the chain emerging from layers below the 
sites occupied by a branch that occupies two sites in layer 
2 must reenter the crystallite as a zeroth-order tight fold. 

A qualitative rationalization of the tendency for segre- 
gation of the larger branches near the boundary can be 
achieved by a consideration of a product determined by 
the various bond pairs depicted in Figure 5. Beads at 
layers 2-29 may have any of the six bond pairs, but beads 
in layers 1 and 30 are restricted to the normal bond pair 
and two of the four possible bends. The product of these 
numbers of possible bond pairs for all beads on the 30 X 
30 lattice is 3(2x30)6(28x30), which we denote by P. If the 
beads were completely independent, P would be the num- 
ber of configurations of the lattice. This number greatly 
overestimates the number of configurations of the lattice 
because it neglects the correlation between beads, but it 
has the virtue of being easily calculated. 

Now consider the effect of a single short branch on the 
product of possible bond pairs for all beads. Figure 11A,B 
depicts a branch with nb = 1 that is parallel to the interface 
and located in layer 2 or layer 3. Two numbers are de- 
picted above each bead. On the left is the number of bond 
pairs accessible to the bead when no branch is present, and 
on the right is the number of bond pairs accessible when 
the branch exists a t  the indicated sites. This number is 
taken to be one for the bead in the branch, because it can 
only be connected to the trifunctional branch point, and 
the number is three for the branch point because there are 
three possible ways to draw the two bonds in the main 
chain that involve this bead. The product of the number 
of possible bond pairs for the lattice is P in the absence 
of the branch, and it falls to PI72 and PI96 in parts A and 
B of Figures 11, respectively. An arrow denotes the bead 
responsible for the difference in results when the branch 
is in layer 2 or 3. The branch, bead X, reduces the number 
of possible bond pairs accessible to the nearest-neighbor 
beads. The reduction is a factor of unless the nearest 
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ABSTRACT We apply the theory of Leibler et al. (J .  Chem. Phys. 1983, 79,3550) to describe the micellization 
of diblock copolymers in solutions. First, we consider the formation of spherical micelles and find that the 
critical micelle concentration and aggregation number increase as the copolymer-solvent compatibility increases, 
as the B block becomes smaller relative to the A block, and as the size of the solvent decreases. We also show 
how the radius of the micelle increases as the B blocks and solvent become less compatible. We discuss some 
limiting cases and give approximations for the model in the limit of small critical micelle concentration. We 
then consider the formation of lamellar micelles and predict regimes where lamellar micellization precludes 
that for spheres. Lamellar micelles are favored when the B and A blocks are equal in length and the solvent 
size is large. 

I. Introduction 
The behavior of amphiphilic diblock copolymers at in- 

terfaces plays an important role in homogenization of 
polymer blends,' detergency or surfactancy, and stabili- 
zation of colloidal particles.2 Stabilization of colloidal 
particles is realized by adsorption of diblock copolymers 
onto their surfaces. The block interacting unfavorably with 
the solvent adsorbs onto the surface of a particle while the 
solvated block extends into the solution and forms a steric 
layer thus imparting stability. This adsorption process is 
complicated by the tendency of amphiphilic block co- 
polymers to form micelles if the concentration of the so- 
lution exceeds the critical micelle concentration, cmc. The 
critical micelle concentration is defined as the concentra- 
tion below which virtually no micelles exist and above 
which all additional copolymer goes into the micellar 
phase.3 Since the critical micelle concentration often oc- 
curs at very low concentrations, a model of the adsorption 
process must include a description of micellization. The 
goal of this work is to address this problem by first de- 
scribing the micellization process in this paper, and then, 
in the following paper, extending our analysis to block 
copolymer adsorption. 

Theoretical models have been developed employing the 
mean-field theory to describe cmc and size of  micelle^.^^ 
We follow the development of Leibler et al.4 who present 
a theory for micelle formation for a mixture of diblock 
copolymer and homopolymers. They considered co- 
polymers of equal block lengths with a homopolymer of 
degree of polymerization typically one-fifth the polymer- 
ization index of the copolymer. Roe7 shows a reasonable 
comparison between the results of this theory and the 
experimental results of Rigby and R o ~ . ~ , ~  

The purpose of this paper is to qualitatively describe 
micelle formation in block copolymers with much smaller 
insoluble head groups and in solutions of smaller solvent 
molecules than those treated p r e v i ~ u s l y . ~ ~  One motivation 
for focusing our attention on these systems arises from the 
observation that colloidal stability is improved by max- 
imizing the number of chains on the surface.2 We expect 
the surface density of adsorbed block copolymers to in- 
crease with decreasing anchoring unit size, hence we focus 
our attention on systems with small head groups. Another 
motivation for studying small head groups arises from the 
many studies of surfactant systems typically having very 
small polar head groups. Generally systems of practical 
importance contain a solvent whose molecular size is much 
smaller than the copolymer molecules', and thus we also 
investigate this small-solvent regime. 

and define 
the important parameters of this study, the ratio of block 
lengths, the relative solvent size, and the solvent com- 
patibility. We then describe results of numerical calcu- 
lations showing several important trends. We demonstrate 
that the critical micelle concentration increases as the 
relative length of the less soluble block decreases, as the 
size of the solvent decreases, and as the solubility of the 
head group increases. We note an interesting result that 
the radius of the micelle increases when the solubility of 
the head group decreases even though the number of 
chains per micelle decreases. 

We present some useful asymptotic results showing the 
regimes where polydispersity becomes important, invali- 
dating the assumptions of monodisperse spherical micelles, 
and where the cmc, chains per micelle, and micelle size can 
be predicted from simple expressions. We also describe 

We briefly present the model of Leibler et 
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